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Abstract

Recent advances in Information and Communication technologies have made multimedia on
demand services technically and economically feasible. An important aspect of such systems is the
resource sharing technique, which alldlae simultaneous service of a large number of user re-
guests with a considerable saving in termsi@fvorkbandwidth and server resources. In this pa-
per, we report the results of a studshich analyzes batchingnd buffering techniques, that is
grouping and serving together video requests. The mathematical allodesdthe evaluation of the
main system performance (probability distribution of the number of streams, percentage reduction
of resources, etc.) as a function of load and batching interval duration. Simulation experiments

confirm the analytical model in the whole range of considered conditions.

I Introduction

Multimedia systems providing on demand services, as Vidddeomand (VoD), ditance learn-
ing, internet video broadcast, etc. are now full feasible thanks to rbeantices in etworking and
computer technologies. One of the most challenging aspects of such systems is the architecture de-
sign for providing the requireskervice withthe appropriat®uality of Service (QoS). QoS is deter-
mined by several paraters (such as I/O bandwidth, memory requirements, etc.) which behave as
critical componats in designing system architecture; in fact, tysesn must satisfthe real-time
constraints for continuous delivery ofieio objects at a specified bandwidth.

There are many approaches to improve the efficiency of Multimedia on Demand systems by
managing critical resources [T]hese include disk scheduling and data placement algorithms, tech-
niques for memory mreagement or strategiésr CPU and other resources scheduligta and re-
sourcessharing[2]. Several approaches for optimizing systemfqgrarance, by sharing the avail-
able resources, consider, as critical resource, thiedf@width reqgired to satisfy the client request.

The objective is to redudbe bandwidth demand increasing the number of client requests which
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can be served simultaneously. The most ingdrechniquegproposed to implement the memted
optimization comprehend batching agquests,merging of video streams, buffering ofnteal
memory and patching schemes.
In the batching techniqyé] [3], client requests for the same video, emitdedng ashort inter-
val of time, i.e. the batching interval, are@gped in eatchand the display of the video is delayed
for the batching interval. Thus, multiple customers requiring the same witleio this batching
interval can be served by multicasting the sandewisteam, with considerable savings in server
and network capacity.
In mergingstraegies, the video m@amsare mergednito a single one by adjusting the display
rates of requests for the same objeon& applications of these techniques are described in [4] [5].
The third method, i.e., the buffering technique, csissin using the central memory as buffers,
holding a given number of frames behind a videeash. Subsequent requests for that viaethin
the batching interval, can be served by using the buffer rather than requesting another 1/0O stream to
the server [6] [8].
The patching scheme relies on more soplateid user apparatuses which must be ableceive
two streams simultaneously. The user requesenged by an existing stream thiat video object
(if there is any) which is buffered in the user apparatus and simultaneously a new stream is re-
guested to the server for the frames already trateshi@] [10].

These functions may be implemented in a multitiered hierarchical distributedsérver as de-

picted in Fg.1. Through a Residential Access Network (RAN), clients are connected doah
Switching Office(LSO) storing the most popular video programs. User requests can be satisfied by
the LSO or may be forwarded either to Regl Video Servers through a Metropolitan Area Net-
work (MAN), or to remote seers through a backbone network [1]. Alternatively, the ipres/
functions can be implemented in a standard internete@maent[11].

The techniques mentioned before can be exploited at various levhts lnerarchy. In this pa-
per we analyze system performea in the hypotheses of batching and buffering techniques applied
at one level of the hierarchy. In partiaulwe evaluate the g@ability distribution ofthe number of
batches and the percentage reduction of resources as a function of load and batching interval.

The paper is organized as follow. Section Il provides a customer behavior model based on a
gueuing network, introducing the performance evabmaparaneters used to investigate the model
performance. In Sectioll we study the effectiveness of the model and achieve numerical results;
besides we simulate the system opens and discuss simulation results as a orea® validate

the proposed model. Section IV presents the concludimgrkes.
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Figure 1. Multimedia on Demand System

[l System Modeling

[I.1 System Description

In this section we describe an analytical model to studysusehavior in a multimedia system
which adopts buffering or batching techniques.
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We consideNy users connected to the multimedia system. BEa&ehuser generates a new video
request following an exponential distrimrt with parameteh [requests/min]. Lett andS; be, re-
spectively, the requestgirability andthe duration of videa, with c=1, 2, ...,Ng, whereNk is the
total number of available video programs in the systemn.sake of simplicity, we suppose that the
only interactive user operation is the video request, i.e., there a¥¥CRedike operations (e.g.,
pause, stop, fast-forward, rewind, etc.). Ney be the maximum number of simultane@uasive us-
ers, i.e., users with a video display in pexg.

The analysis is conducted following two phases. In the first one the number of requeathfor
video program is evaluated using standard queuing madedssecond phase, based on the results
of the first one evaluates the main system performaacameters (probability distribution of the
number of batches, percentage reduction of resourttesas a funddn of load, blockingnterval,
etc.The analytical results are validated by simulation in the densd context.

As regard the firsphase, we descriltbe system vth a closed queueingetwork (see Fig. 2)
composed by two sepe caters and\g+1 classes. Therfit center considenssers belonging to
class 0, which corresponds to tie state It can be modeled by an Infinite Servers (IS) service
center, with exponentiaervice time. The second ¢enmodels users in thactive state Each user
belongs to a class which corresponds to the requested. \Adservice completiorthe user returns
in the first center at class 0. Also this second service center carodeded as an Infinite Server
(IS) service ceter,with a constraint on thelagpal number ofusers which camot exceed the maxi-
mum value My. The service time in this second center is supposed general with an average value
Tc. The hypothesis of infinitservers meanhat there are no upper limits in the number of permit-
ted sreams. This unusual clee is determined bthe consideration that this model has been devel-

oped as an aid to the synthesis ( rather than in the analysis) of a multimedia system.

Service Center 1
(Idle State)

Class 0
01 >

O
z
>
c

Service Center 2 Classes

(Active State) 1,2, ...,Nr

Figure 2. System modeling with queueing network
After the first request, allaers thatmakerequests for the same video in thegching intervatg
are grouped togethaharingthe system resources.iWthe buffering techmjue, the allocated re-

sources for eachroup arereleased whethe last useends vileo display. Then thgervice time of
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an active class user is equal to the deterministic video dura®nWith the batching technique,
users belonging to the same batch sgeved together anddeo display starts at thend of the
batching interval. In this case, thervice time is general with an average value givetihné&gum of
the deterministic video duian and the mean waiting time beforele@d start. Sice the incoming
videoc request represents a random pauiithin the batching interval, the mean waiting timési@

[12], then the measervice time iS+tg/2.

[1.2 Distribution of idle and active users
By hypothesis, the crossing class probabilities are:
Poo=0; Poc=Tk; Pro= 1; Prc = 0; (1)

withc=1, ...,Nrandk =1, ...,Ng.

Let n¢gy andng) be, respectively, the number of users at tist Gienterand at the second one; let
ne, withc =0, 1, ...,Ng, be the number of users@assc. To solve the queueing network, the first
step is the redotion of the following homogeneous system okln equations [13], which admits

infinite solutions:

Ng
Yo = D 4o YaPuc c=0,1,...N¢ (2)

thus, the relative service time at clags:
bC: yc'Tc Cc= 0, 1, ...,NF (3)

and the relative service times at service centers are:
Nk
b = Yo To bey= % YeTe - (4)

In the stated ypothesis, the netwk adnits a producform solution[14] and the state probabil-
ity is given by:
1 blo pl@ .
P(nay, Ne)) = = —>—2- with (N, Nz) 0S  (5)
G ny!ng!
whereS = {( na), N) | eyt Ne=Nu , )< Nay} is the states space a@ds the normalizadn con-

stant. Sicen1)=Ny — Nz and the maximum value fog,) is Nay, we have [14]:

G = by’ by :ZNAU by bl _ (6)

n,..! i= -l
e lzys o' Ne! i=0 (N, —i)i!

Once this constant has been found, it allthesevaludabn of the marginalstate pobability for

the number of users at each center:
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P(nw=i) = P(n@=i, n) = Ny - i) withi =Ny —Nay, .., Ny

P(n(Z):i) = I:)(n(l):NU - i, Ne) = |) with i = 0, ...,Nau (7)

and themarginalstate pobability for the number of users at each clafl3] withc=1, ...,Ng:

) P(Ny =K). (8)

-\ — Nau k! (I:(bz _bc
qu%—zmiukqﬂ (Lk

(2

1.3 Batch Modeling

The second phase is based on the results ofrdteofieand allows the evaluianh of the prob-
ability distribution of the number of batches and the related performance indices.
Let ngc be the number of batches for thdec, withc =1, ...,Ng. By the total probability theo-

rem, we have:
- NAU - - -
P(nec=1) = _F;(nac =i|n, = J)P(n, =j) 9)
]:

withc=1, ...,Nr andi=0, ..., Nw.

It is to note that:

o P(e=0In=j) =0 j #0; with active userghe minimum value fong. is 1, i.e., all users
require the same video in the batching interval;

o P(ng= 0Ine=0) =1 without active users, certainly. is O;

o P(ng=iln=0)=0 i #0; without active users, there are no batches;

o P(e=iln=) =0 i>j;  maximum value fong is j; in this case we have batches with
single user, thas, really,there are no groups of users, i.e., no
real batches.

We need the conditnal probability P(ng= i |nc=j) for i=1, ...,Nay andj =1, ..., Nau. Let us

consideri batches with active users of clags leta = (04, a2, ..., ;) be the vector of the number of
users for each batch of classwhereay is the number of users of tR8 batch andx;+o+ ...+a;=j .

Summingover all possible state, we obtain:

P(nec= i | ne=j) = ZP(al,az,...,ai). (10)
Ay 0.0 =]
Now, referring to the time diagram for request arrivals in Fig. 3, whesethe instant of th&"
user arrival, the probabilitiy(a) is given by:

P((Xj_, ao, ..., Aj ) = F)('[O(1 —t1< tg, '[0(1+l —t1> tB)[E)(tcxlﬂxz ‘ta1+15 g, t

O+, +l oy

a1 tg) ..
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[E)(t(x1+,,,+(xi71_to(1+,,,+o(i72+1s tB! to(1+,,,+o(i71+1_ t(x1+,,,+o(i72+1 > tB)l:E)(t PR to( +"'+O‘i—1+l StB) " (11)
Each of the first-1 terms is the probabilitthat a time peaod t4-t,, with 1<p<qgs], is less or equal

thantg with the time periody,+1-t, greater thats. This probability (sedppendix A) is given by:

e (uts )
(g-p)!

®(g-p+1) = P(tgtp< ta, tge1 -to> tg) = (12)

whereA; is the accepted requests rate for videst the active state center, that will be evaluated
later.

The last term of (11) is the girability thatthe time period between ast arrival and ani" one,
to+x — th+1, IS less or equal thaw; then, simply by definition, this time period is an Erlang random

variable [12] with parametersl andA., thus:
x=2 aAclfh K
l'P(X) P(tp+x‘tp+1< tB) =1- Z m (13)

Using (12) and (13), (11) becws:

0T S 89 I O NN Ao
Pla) = & B S e Erz 7 - SaI¥@) . 1)

Thus, we have:

P(nes= i | ne= j) = ZP(al,az,.-..ai): Zf(al)..m(ai_lwai). (15)

27 0= 270G =]

Practically, we can evaluate treégpression, with low computationebsts, using a simpiera-
tive algorithm (see Appendix B).
t, .t

cx1+1 cx1+2 cx1+cx2 tcx +cx2+ A0t PR e (Y tcx o+ +Hl tcx 0, ...+
..... >
‘ ' ’ ‘ ! ’ ‘ ' ’ ‘ ' ’ time
ts

Figure 3. Time diagram for request arrivals

To evaluate the rate., we suppose tha&ach idle user generates a new request, and thus transits
in the active state, following axgonential distribution with paramet&r the average accepted re-

guest rate at the active state center is:
A =AE[ng] (16)

whereE[ng] is the mean number of accepted video requesiseSio other requests are accepted
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when the active center is full, the random variaalassumes the values:

[(Nu - n(z)) N2 < NAU (17)

" :Bj N =Ny

Its average value is:

Nau—1

E[ng] = Zi=0 (Ny —1) EI:)(n(z) 1) = ZNAU( v —1) |:P(n(z) =i)=(Ny - NAU)P(n(Z) -N,,) (18)
then:
Elnrl = Nu — E[nz)] = (Nu —Nau)P(ni2=Nau) (19)

whereE[n(»)] is the mean number of active users.
By the spitting property of Poisson process [13], for clasthe accepted request rate at the ac-

tive center is:
Ae= AplTi (20)

wherert, is the vileoc request probability.

1.4 Performance Indices

At this point we define some parameters for eatihg the performance of the analyzed multi-
media system.

The first performance parameter is the probability of unsuccessfeb wiequestPy, i.e., the
probability that a user, making a video request, does not find available system res@auameseb
there aralreadyNay active users. Taking into account #reivaltheorem [15]when a user makes
a servicerequest, in the trangin instantfrom idle to active ceter, we must consider the system

with Ny-1 users instead ®™y. Thus, the unsuccessful probability is:
Pu = P(n2=Nau) with Ny-1 users in the system. (22)
Another parameter is the percentage reduction of resources requirBftent,

R% = E— Elne] F00 (22)

E[n(z)]

whereE[ng]is the mean number of batches in the system:

E[ng] = chzzFl[nBc] = Z -12' [P(n,, = (23)

andE[n(y)] is the mean number of active users given by:



P. Camarda - Multicast Distribution for Multimedia on Demand Services 9

N

Elne] = 1P, =1). (24)

1l Numerical results

In this section we prage numerical results dhe analytical model and compare them with the
results obtained from simulation in a simpeD system. WeconsiderNy = 100 usersNg = 10
available video programs, a given requesbpbility and a \deo duréion per each deo (see Ta-
ble 1). The results ilistrated are referred to the bufferiteghniques, the applidgah to batching
may be easily obtained as described inisedl by considering athe mearservice timethe value
SHe/2.

The behavior of the mean number of batcligag], is observed as a function of the video re-
guest rate per usex, [requests/min], the batching intervéd,[min] and the maximum number of
active usersiNau. Other important results are concerned WR#, that is the percentage reduction of
resources requirement when resources are shared among the users of atbatspest to the di-
rect allocaibn of resource to userf% behavior is shown as a functionXofvith parametets and
Nau. Moreover, we inestigate the unsuccessfutleb request probabilitiyy as a function ofhe ar-
rival rateA and for different value dflayand as a function of with Nay as a parameter.

In all the following figures, the plain lines represent analytical results, while the donulat
sults are reported using the symbol '+'.

TABLE |

Video 1 2 3 4 5 6 7 8 9 10

Request Probabilityrg) | 0.2 | 0.2 | 0.15| 0.1 0.075 0.075 0.0/5 0.025 0.025 0{025

Video Duration §[min] | 120 | 90 85| 100, 60| 120 90 79 9( 120

[11.1 Mean number of active users and batchesf[and E[ng]

A comparson of the mean number attive usersg[ni)], andE[ng] is illustrated in Fig. 4,
where the maximum number of active usefdas = 60.

We note thaE[ng] approaches t&[n()] for A close to zero. This means that, for small values of
A, the probability of more than one request for the saaeovin the time itervaltg is not relevant,
then each batch has approximately one user. thatethe differaces between the two curves be-
come larger whei grows, hereE[ng]assumes increasing valulest keeps always belo®[n ).
This is due to the fact that there is aH@gnumber of active users that are grouped in batches.

Figures 5 and 6 represent respectively the nidgece ofE[n)] and ofE[ng] on the maximum
number of active users. In these figures, we consider a batching intetyyal @ minutes. The dif-

ference between the two curves becomes meaningful for large valdewlodre the system has
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high blocking probability. Fodecreasing value day each curve reaches the saturation for smaller
values ofA. On the other hand, for a fixeda reduction in the number attive users causes a re-
duction in the number of batches then for smallgy the saturation is achieved at a smaller value
of A.

70
g 607 T e + R R R e -+
e Rk
IZ]
I
Q0 “,'
'c% 50 A '._4_' .
n fg=>5min
& ¥ F ¥ F +
é-’ 5=10 min
© ¥ ¥ + + +
o
3 f5=20 min
E + + + +
3
c
c
I
(]
=
""" Active users
Batches
0.001 0.01 0.1 1

A - Video request per user [requests/min]

Figure 4. Mean number of active users and batches vA&.(Nay =60 users)
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100 -

Nau = 80 users

[}
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|

Nau = 60 users

(o2}
o
|

Nau = 40 users

Mean number of active users
N
o

20
_{
0
0.001 0.01 0.1 1
A - Video request rate per users [requests/min]
Figure 5. Mean number of active users v\ (tz= 10 min)
60
507 Nau = 100 users
4] Nau = 80+users T
S 40+ + + +
3 Nau = 60 users
§ + + =+
é 307 Nau = 40 users
g + + +
C
@
[}
= 201
10
_{
0
0.001 0.01 0.1 1

A - Video request rate per user [regis#min]

Figure 6. Mean number of batches vsA (tg = 10 min)
Fig. 7 showsE[ng] as a function oNay; we fix tg to 10 minutes and obsertgng] for different

values ofA. For a fixed value ok an increase ilNay causes an increase Hjng] even thoughs
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does not change. This is due to the fact that more recareses tothe gystem inthe batching inter-
val of fixed duraibn tg; such requests, eventually for different video objectsttare grouped in
different batches, thus increasing the number of batches. As Raisasoncerned, let us observe
that thecurves with higher values afdispose all above those corresponding to lower valuas of
this is due to the fact thatifgrows, for fixed\Nay andtg, there is a greater number of batches.

Fig. 8 shows[ng] versusNay for different values of the parametgr For a given value dflay
andA the mean number of bdites decreases withe duration otg since a higher number of re-
guests may arrive to the system for a wiger

Figures 9 and 10 shot]ng] as a function othe batching interval. As expected, fixed the re-
guests rate and the maximum number of active useisjri€reases, the mean number of batches
decreases. In ¢, with higher values fots, we have more requests in the same batching interval

and then a lower number of batches.

50
0.1 requests/min
45
+
40
3
% 357 0.01 requests/min
5 30- +  + + +
g 25 1 0.005 requests/min
§ + + + +
c 20
@
[}
= 15 1
10
5 |
0

0 20 40 60 80 100 120

Nau - Maximum number of active users

Figure 7. Mean number of batches vs. maximum number of active usergE 10 min)
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]
[¢J]
= tg = 40 min
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10

0
0 20 40 60 80 100 120

Nau - Maximum number of active users

Figure 8. Mean number of batches vs. maximum number of active userad£1 requests/min)

70

60 7

50 1

Nau = 80 users

407 Nau = 60 users

30 - Nau = 40 users

Mean number of batches

207

10+

0 10 20 30 40 50 60 70 80

ts - Batching interval [min]

Figure 9. Mean number of batches vs. batching intervalX = 0.1 requests/min)
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50

45

40 1

351

30 1 A = 0.01 requests/min
25

201

Mean number of batches

15 ) = 0.005 requests/min

101

51 A = 0.001 requests/min

0 10 20 30 40 50 60 70 80

tg- Batching interval [min]
Figure 10.Mean number of batches vs. batching intervalNay = 60 users)

[11.2 Percentage reduction of resource utilization

Let usobservethat the percentage reduction of resource utibtmratR%, is meaningful when
evaluating the bandwidth reduction in the case afeth bandwidth. MoreoveR% does not depend
on the particular video object rdaed by each batch and has a global meaning.

Figure 11 shows the behavior BRb6 versusA for several values dilay andtz=10 min. R%
grows for higher values day, anyway such value strictly depends on the physical resources used
to implement theystem.

In Fig. 12R% is reported as a fation of A with parametetg for Nay =60. R% increases for
higher value otg that means more main memory in case of bufferinfaer response time for

delivery video ofects in case of batching.
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Figure 11.Percentage reduction of resources va.(ts = 10 min)
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Figure 12.Percentage reduction of resources va.(Nauy = 60 users)
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[11.3 Unsuccessful video request probability

Figure 13 shows the @ability Py that a customer request isused, as a function dfiearrival
rateA for varying values oNay. For small values ok we note thaPy keeps close to zero; gradu-
ally, for increasing values of, Py growsand reaches the maximum value for high valuea. of
Such behavior is due to the fact that for smatere is a small number attive users then a new
video request is likely accepted. Whemgrows, the number of users in the active statearthen
the blocking probability is higher. The smallesy, the smaller is the value afwherePy becomes
meaningful, such result is intuitively justified by a reduced capability of the system to satisfy cus-
tomer requests.

In Fig. 14Py is function ofNau: the block has a high probability famall values oNay and de-

creases for increasing values\pi,

1
Nau = 20 users

0.9+

b

& 0.81

E

S o071

(@] " -

= Nau = 40

8 0.6

=}

(o

e

o 0.51

3

2 04 Nay = 60

=}

k7]

(2]

8 0.37

(8]

?

5 0.2 N/.\u:80
0.1+
0 I T T L T
0.001 0.01 0.1 1

A - Video request rate per user [resjis#min]

Figure 13.Unsuccessful video request probability v\
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0.97
1 requests/min
0.81
071 0.1 requests/min
061 0.01 requests/min

0.51 0.001 requests/min

0.4

0.3

Unsuccessful video request probabilifyyu

0.2

0.1

Nau - Maximum number ofctive users

Figure 14.Unsuccessful video request probability vaNay

In the architecture design, we can use the previous figures to choose the values of the system pa-
rameters. For example, with a fixed valuetled number of users and of the video requests rate,
from Fig. 14 we obtain the minimum value gk, ensuring the systemorkswith a given unsuc-
cessful probabilitythus, fixed a batching interval, from a graph similar to ER}. wecan obtain

the percentage reduction of system resources.

[11.4 Simulation environment

The simulator is an event oriented simidatprogram written irthe C language using the li-
braries of the SMPL simulation language [16].

Two main events characiee the system behavior, both describing the transitions of the user re-
guests between the tvgervice caters. Event bccurswhen a user leavdbe service center 1 to
reach the service center 2 in the queuing network, this correspondsitsiadn fromthe idle state
to theactivestate. After theservicethe user joins theervice ceter 1 andretuns to the idlestate,
thus event 2 occurs. In case of lack of resources of the center 2, the request is not accepted and the
user makes a new attempt after a new round of service in center 1. The systesu\cdmdes when

one of these two events occurs.
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Interarrival times between two video requests for the same user are generated randomly by suit-
able exponential distributions. Users requirdewas following the requestgirability shown in Ta-
ble 1.

Through simulabn we meaure the mean number of active users in the system, the mean num-

ber of batches and the unsuccessful video requasalipitity as follows:

Tmax Tmax

1 1 Ny
E[n(Z)] = T_ Inusers(t)dt; E[nB] = T_ Inbatches(t)dt ; PU = et (25)

max max NVreq

wherenyserdt) andnpaiche{t) are respectively the number of users in the astiageand the number
of batches at the time andNyreris the number of useefusedrequestsiuringthe simulation, and

Nvreqdenotes the number of attempted requests of users over the simulation duratiofthat is

Y Conclusions

In this paper we haveeveloped a simple analytical model, datied by simulation, to study the
performance of a multimedia on-demand system with resalragng, exploiting batching and
buffering techniques.

As we can see frorie obtained results, high values for the batching interval give high perform-
ance, in terms of reduction of resources requirengegt, transmission bandwidth, I/O bandwidth
for videoservers, etc. But this reduction sas an increase of the waiting time for each user with
the batching technique or an increase of memory medjuo store the video framestiwthe buff-
ering technique. Morver, we have the maximum resources saving for high values of the video re-
guests rate, but, in this case, the system opesdiiehigh unsuccessful probability. The developed

model allows a good system design providing a tradeoff among these conmastiisg

Appendix A
Let us consider a Poisson procesthwateA; lett; tp, ..., tj be thearrival instants. Now, we
evaluate the bability P(tg-t,< ts , tg+1— tp>ts) With t; < t, < tg < tj.1. We have:
P(tq-tp< tg, tyr1— p>te)=P(tg+1-tg+ tg- > te, fg— &< t8)=P(tge1-tg+ T > tg, T< ta). (A1)
Considering the total probability theorem and the memoryesgerty ofPoissonprocess, ob-
servingthatt is an Erlang random variable with patersh andg-p, (A.1) becanes:

tg tg @ M )\UPyaPl
J’ Pty —t, +T > tg [T = X)P@ = X)dx= J’ Pty —t, > tg = X) —————dx . (A.2)
0 0 (- p-1)

The first term in the integral is the probabilihat in the timentervalts— x there are no arrivals,
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ie., e by Poisson distribution, thus:

tg -AXx3 9-p+,9-p-1 e‘}\[fb At PP
Pt S to, tyn— tote) = [ eI EATX " g bto) . (A.3)
0 (g-p-D! (g-p)!

Appendix B

Here, we show a simple algorithm to evaluate the expre§stmvith low computationatosts
Since the minimum dimension for each batch is one (i.e.,®ael whereay is still the number of

users in thé" batch) we can observe that it is possible to rewrite (15) as:

P(nec=i | ne=j) = Z ZD(al) q>(a_1>5w(a =j-k) = Zﬁ(i—nkwu—k) (B.1)
=1 [d,+ |:| S

Fixedj=2, ..., Nay, it is possible to evaluaiﬁ(i | j with a recursive expression, in fact:

P(i1))= Zwal)..m(ai)-z Zb(a) q>(a.1>§>(a =j-k (2
A+ F A=) =1 4.+

thatis:

j-1

PG )= Zﬁ(i ~1]k)® (j - k) (B.3)

with i=2, ...,j and the initial condition:

PA|j)=®(j) (B.4)

Now, wecan build a simple algorithm to evaluate eR@hs=i | nc=j) for i=1,

., Nau andj = i,
.oy Nau:

o Step l:evaluation of eack(i) andW¥(i) fori=1, ...,Nau —1;

o Step 2:evaluation of initial condition$5(1| j)=®(j jJorj=1,...,Nau;

o Step 3fori=2,...,Nau
forj:i, ..., Nau

evaluation ofP(ng=i | ne=j) andIS(i | )

In this algorithm, all loops require@&f\u) iterations.
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